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Abstract— The goal of (stable) sparse recovery is to
recover a k-sparse approximation =™ of a vector x from linear
measurements of z. Specifically, the goal is to recover ™ such
that
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for some constant C' and norm parameters p and ¢. It is
known that, for p = ¢ = 1 or p = q = 2, this task can
be accomplished using m = O(klog(n/k)) non-adaptive
measurements [3] and that this bound is tight [9], [12], [28].

In this paper we show that if one is allowed to perform
measurements that are adaptive , then the number of measure-
ments can be considerably reduced. Specifically, for C' = 1+¢
and p = g = 2 we show

« A scheme with m = O(2kloglog(ne/k)) measure-
ments that uses O(log™ k - loglog(ne/k)) rounds. This
is a significant improvement over the best possible non-
adaptive bound.

o A scheme with m = O(Xklog(k/e) + klog(n/k))
measurements that uses fwo rounds. This improves over
the best possible non-adaptive bound.

To the best of our knowledge, these are the first results of
this type.

1. INTRODUCTION

In recent years, a new “linear” approach for obtaining
a succinct approximate representation of n-dimensional
vectors (or signals) has been discovered. For any signal
x, the representation is equal to Az, where A is an mXxn
matrix, or possibly a random variable chosen from some
distribution over such matrices. The vector Ax is often
referred to as the measurement vector or linear sketch
of x. Although m is typically much smaller than n, the
sketch Az often contains plenty of useful information
about the signal z.

A particularly useful and well-studied problem is that
of stable sparse recovery. We say that a vector x’ is k-
sparse if it has at most k£ non-zero coordinates. The
sparse recovery problem is typically defined as follows:
for some norm parameters p and ¢ and an approximation
factor C' > 0, given Ax, recover an “approximation”
vector x* such that

|z —2"], <C min
k-sparse xz’

[ = "], M

(this inequality is often referred to as ¢, /¢, guarantee).
If the matrix A is random, then Equation (1) should
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hold for each x with some probability (say, 2/3). Sparse
recovery has a tremendous number of applications in
areas such as compressive sensing of signals [3], [10],
genetic data acquisition and analysis [29], [2] and
data stream algorithms! [27], [21]; the latter includes
applications to network monitoring and data analysis.
It is known [3] that there exist matrices A and asso-
ciated recovery algorithms that produce approximations
x* satisfying Equation (1) with p = ¢ = 1, constant
approximation factor C, and sketch length

m = O(klog(n/k)) @)

A similar bound, albeit using random matrices A, was
later obtained for p = ¢ = 2 [16] (building on [5],
[6], [7]). Specifically, for C' = 1 + ¢, they provide a
distribution over matrices A with

m = O(%klog(n/lﬂ)) 3)

rows, together with an associated recovery algorithm.

It is also known that the bound in Equation (2)
is asymptotically optimal for some constant C' and
p =q = 1, see [9] and [12] (building on [13], [17],
[24]). The bound of [9] also extends to the randomized
case and p = g = 2. For C = 1 + ¢, a lower bound of
m = Q(Lklog(n/k)) was recently shown [28] for the
randomized case and p = ¢ = 2, improving upon the
earlier work of [9] and showing the dependence on ¢ is
optimal. The necessity of the “extra” logarithmic factor
multiplying %k is quite unfortunate: the sketch length
determines the “compression rate”, and for large n any
logarithmic factor can worsen that rate tenfold.

In this paper we show that this extra factor can be
greatly reduced if we allow the measurement process to
be adaptive. In the adaptive case, the measurements are
chosen in rounds, and the choice of the measurements
in each round depends on the outcome of the mea-
surements in the previous rounds. The adaptive mea-
surement model has received a fair amount of attention
in the recent years [22], [4], [20], [19], [25], [1], see

'In streaming applications, a data stream is modeled as a sequence
of linear operations on an (implicit) vector x. Example operations
include increments or decrements of z’s coordinates. Since such
operations can be directly performed on the linear sketch Az, one
can maintain the sketch using only O(m) words.



also [8]. In particular [19] showed that adaptivity helps
reducing the approximation error in the presence of
random noise. However, no asymptotic improvement to
the number of measurements needed for sparse recovery
(as in Equation (1)) was previously known.

Results: In this paper we show that adaptivity can
lead to very significant improvements in the number
of measurements over the bounds in Equations (2) and
(3). We consider randomized sparse recovery with £ /o
guarantee, and show two results:

1) A scheme with m = O(1kloglog(ne/k)) mea-
surements and an approximation factor C' = 1+e.

For low values of k this provides an exponential

improvement over the best possible non-adaptive

bound. The scheme uses O(log™ k - log log(ne/k))

rounds.
2) A scheme with m = O(Lklog(k/e€) + klog(n/k))
and an approximation factor C = 1 + e. For

low values of k and € this offers a significant
improvement over the best possible non-adaptive
bound, since the dependence on n and € is “split”
between two terms. The scheme uses only two
rounds.

Implications: Our new bounds lead to potentially
significant improvements to efficiency of sparse re-
covery schemes in a number of application domains.
Naturally, not all applications support adaptive measure-
ments. For example, network monitoring requires the
measurements to be performed simultaneously, since we
cannot ask the network to “re-run” the packets all over
again. However, a surprising number of applications are
capable of supporting adaptivity. For example:

o Streaming algorithms for data analysis: since each
measurement round can be implemented by one
pass over the data, adaptive schemes simply cor-
respond to multiple-pass streaming algorithms (see
[26] for some examples of such algorithms).

o Compressed sensing of signals: several architec-
tures for compressive sensing, e.g., the single-pixel
camera of [11], already perform the measurements
in a sequential manner. In such cases the measure-
ments can be made adaptive?. Other architectures
supporting adaptivity are under development [8].

o Genetic data analysis and acqusition: as above.

Therefore, it seems likely that the results in this paper
will be applicable in a wide variety of scenarios.

2We note that, in any realistic sensing system, minimizing the
number of measurements is only one of several considerations.
Other factors include: minimizing the computation time, minimizing
the amount of communication needed to transfer the measurement
matrices to the sensor, satisfying constraints on the measurement
matrix imposed by the hardware etc. A detailed cost analysis covering
all of these factors is architecture-specific, and beyond the scope of
this paper.

Techniques: On a high-level, both of our schemes
follow the same two-step process. First, we reduce the
problem of finding the best k-sparse approximation to
the problem of finding the best 1-sparse approximation
(using relatively standard techniques). This is followed
by solving the latter (simpler) problem.

The first scheme starts by “isolating” most of of
the large coefficients by randomly sampling ~ ¢/k
fraction of the coordinates; this mostly follows the
approach of [16] (cf. [15]). The crux of the algorithm
is in the identification of the isolated coefficients. Note
that in order to accomplish this using O(loglogn)
measurements (as opposed to O(logn) achieved by
the “standard” binary search algorithm) we need to
“extract” significantly more than one bit of information
per measurements. To achieve this, we proceed as
follows. First, observe that if the given vector (say, 2)
is exactly 1-sparse, then one can extract the position
of the non-zero entry (say z;) from two measurements
a(z) = >, z, and b(z) = >, iz;, since b(z)/a(z) = j.
A similar algorithm works even if z contains some “very
small” non-zero entries: we just round b(z)/a(z) to
the nearest integer. This algorithm is a special case of
a general algorithm that achieves O(logn/log SNR)
measurements to identify a single coordinate x; among
n coordinates, where SNR = a3/||lzpp;II> (SNR
stands for signal-to-noise ratio). This is optimal as a
function of n and the SNR [9].

A natural approach would then be to partition [n] into
two sets {1,...,n/2} and {n/2 + 1,...n}, find the
heavier of the two sets, and recurse. This would take
O(logn) rounds. The key observation is that not only
do we recurse on a smaller-sized set of coordinates, but
the SNR has also increased since mf has remained the
same but the squared norm of the tail has dropped by
a constant factor. Therefore in the next round we can
afford to partition our set into more than two sets, since
as long as we keep the ratio of log(# of sets ) and
log SN R constant, we only need O(1) measurements
per round. This ultimately leads to a scheme that
finishes after O(loglogn) rounds.

In the second scheme, we start by hashing the coor-
dinates into a universe of size polynomial in &k and 1/e,
in a way that approximately preserves the top coeffi-
cients without introducing spurious ones, and in such
a way that the mass of the tail of the vector does not
increase significantly by hashing. This idea is inspired
by techniques in the data stream literature for estimating
moments [23], [30] (cf. [5], [7], [14]). Here, though, we
need stronger error bounds. This enables us to identify
the positions of those coefficients (in the hashed space)
using only O(1klog(k/€)) measurements. Once this is
done, for each large coefficient ¢ in the hash space, we
identify the actual large coefficient in the preimage of i.



This can be achieved using the number of measurements
that does not depend on e.

2. PRELIMINARIES

We start from a few definitions. Let x be an n-
dimensional vector.

Definition 2.1. Define

Hy(x) = arg max ||zs]|,
Se(n]
|S|=k

to be the largest k coefficients in .
Definition 2.2. For any vector x, we define the “heavy
hitters” to be those elements that are both (i) in the top

k and (ii) large relative to the mass outside the top k.
We define

2
Hyo(x) = {j € Hp() | 2] > ¢ Hka(z) )

Definition 2.3. Define the error

2
Err?(z, k) = me

2

For the sake of clarity, the analysis of the algorithm in
section 4 assumes that the entries of x are sorted by the
absolute value (i.e., we have |z1| > |za] > ... > |x,|).
In this case, the set Hy(z) is equal to [k]; this allows
us to simplify the notation and avoid double subscripts.
The algorithms themselves are invariant under the per-
mutation of the coordinates of x.

Running times of the recovery algorithms: In the
non-adaptive model, the running time of the recovery
algorithm is well-defined: it is the number of operations
performed by a procedure that takes Az as its input and
produces an approximation x* to x. The time needed
to generate the measurement vectors A, or to encode
the vector = using A, is not included. In the adaptive
case, the distinction between the matrix generation,
encoding and recovery procedures does not exist, since
new measurements are generated based on the values
of the prior ones. Moreover, the running time of the
measurement generation procedure heavily depends on
the representation of the matrix. If we suppose that
we may output the matrix in sparse form and receive
encodings in time bounded by the number of non-zero
entries in the matrix, our algorithms run in nlogo(l) n
time.

3. FULL ADAPTIVITY

This section shows how to perform k-sparse recovery
with O(kloglog(n/k)) measurements. The core of our
algorithm is a method for performing 1-sparse recovery
with O(loglogn) measurements. We then extend this
to k-sparse recovery via repeated subsampling.

3.1. 1-sparse recovery

This section discusses recovery of 1-sparse vec-
tors with O(loglogn) adaptive measurements. First, in
Lemma 3.1 we show that if the heavy hitter z; is Q(n)
times larger than the fy error (z; is “§2(n)-heavy”),
we can find it with two non-adaptive measurements.
This corresponds to non-adaptive 1-sparse recovery with
approximation factor C = ©(n); achieving this with
O(1) measurements is unsurprising, because the lower
bound [9] is 2(log, o n).

Lemma 3.1 is not directly very useful, since x; is
unlikely to be that large. However, if x; is D times
larger than everything else, we can partition the coor-
dinates of x into D random blocks of size N/D and
perform dimensionality reduction on each block. The
result will in expectation be a vector of size D where
the block containing j is D times larger than anything
else. The first lemma applies, so we can recover the
block containing j, which has a 1/ /D fraction of the
{5 noise. Lemma 3.2 gives this result.

We then have that with two non-adaptive measure-
ments of a D-heavy hitter we can restrict to a subset
where it is an Q(D3/2)-heavy hitter. Iterating loglogn
times gives the result, as shown in Lemma 3.3.

Lemma 3.1. Suppose there exists a j with |x;| >
C% Hx[n]\{j}||2 for some constant C. Tﬁen two non-
adaptive measurements suffice to recover j with proba-
bility 1 — 6.

Proof: Let s: [n] — {£1} be chosen from a 2-wise
independent hash family. Perform the measurements
a(z) = > s(i)x; and b(z) = > (n + i)s(i)z;. For
recovery, output the closest integer to b/a — n.

Let = = xp\(;- Then Ela(2)?] = 2|3 and
E[b(z)%] < 4n?||z||3. Hence with probability at least
1 — 26, we have both

ja(2)l < V1/6 )1zl
1b(2)] < 20\/1/6 |12l

Thus

ba) _s(i)n -+ )z +b(2)
a@) = sz, +a(e)
1 [b(2) = (n+ dalz)
(”“)H 5)e; T a(2)
b(2)] + (n + 3)a(2)
5]~ Ja(2)]
_any/T73 2],

sl = la(2)|

b(x)
a(x)




Suppose |z;| > (8n+1)4/1/d ||2||5. Then

bz) o dny/1/0 | 2|,
‘a(x) ( +J)'<8m/1/5||z||2
=1/2
S0 2 =7j. [ |

Lemma 3.2. Suppose there exists a j with |x;| >
C ?—2 Hz[n]\{j} H2 for some constant C' and parameters
B and 6. Then with two non-adaptive measurements,
with probability 1 — § we can find a set S C [n]
such that j € S and |[ws\(jy[l, < @i, /B and
|S| <1+ n/B2
Proof: Let D = B?/§, and let h: [n] — [D] and
s: [n] — {£1} be chosen from pairwise independent
hash families. Then define S, = {i € [n] | h(i) = p}.
Define the matrix A € RP*™ by A ; = s(i) and
Api = 0 elsewhere. Then
(Az)p = > s(i)zi.
€S,
Let p* = h(j) and y = 2[,)\ ;3. We have that
E[|Sp+|] =14+ (n—1)/D
2 2
E[(Ay);-] = El|lys,- |Il,] = llyll5 /D
2 2
E[ll Ayll5] = llyll

Hence by Chebyshev’s inequality, with probability at
least 1 — 46 all of the following hold:

[Spe <L+ (n—1)/(DS) < 1+n/B> (4

s, |, <llyll, /vVDs )
[(Ay)p-| < llyll, /VDS (6)
Ayl < llyll, /5. 9

The combination of (6) and (7) imply
[(Az)p-| > || — [(Ay)p-| = (CD/6 —1/V'D6) |lyll,
CD
>(CD/5 = 1/VDs)V5 | Ay, > W [ Ayll,

and hence

D
[(Az)pe| > NG | (Az) D)\ p-

As long as (/2 is larger than the constant in
Lemma 3.1, this means two non-adaptive measurements
suffice to recover p* with probability 1 — §. We then
output the set Sp-, which by (5) has

H%sp*\{j}H2 =lys,- I, < llyll, /VDS
=[lepp gy llo /VDS = [lepap g ll, /B

as desired. The overall failure probability is 1 — 54;
rescaling § and C' gives the result. ]

9"

procedure NONADAPTIVESHRINK(z, D) >
Find smaller set S containing heavy coordinate x;
For i € [n], s1(i) < {£1}, h(i) « [D]
For i € [D], s2(i) «+ {£1}
a <+ > s1(i)s2(h(i))x; > Observation
b+ > s1(i)sa(h(i))x;(D + h(i)) > Observation
p* < ROUND(b/a — D).
return {j* [ h(j*) = p*}.
end procedure
procedure ADAPTIVEONESPARSEREC(z) >
Recover heavy coordinate x;
S« [n]
B+ 2 6+ 1/4
while |S| > 1 do
S <~ NONADAPTIVESHRINK (75, 4B2/§)
B« B3?,5 « §/2.
end while
return S[0]
end procedure

Algorithm 3.1: Adaptive 1-sparse recovery

Lemma 3.3. Suppose there exists a j with |z;| >
o Hx[n]\{j} ||2 for some constant C. Then O(loglogn)
adaptive measurements suffice to recover j with proba-

bility 1/2.

Proof: Let C' be the constant from Lemma 3.2.
Define By = 2 and B; = Bfﬁ for ¢ > 1. Define
§; = 27%/4 for i > 0. Suppose C > 16C"BZ/52.

Define r = O(loglogn) so B, > n. Starting with
So = [n], our algorithm iteratively applies Lemma 3.2
with parameters B = 4B, and § = §; to zg, to identify
aset S;11 C S; with j € S;41, ending when i = 7.

We prove by induction that Lemma 3.2 applies at the
ith iteration. We chose C' to match the base case. For the
inductive step, suppose ||$Si\{j}H2 < ] /(C’lG?g‘ ).
Then by Lemma 3.2, !

’ B? / Bi2+1
25l < el /(C6153) = sl /(€167572)

so the lemma applies in the next iteration as well, as
desired.

After r iterations, we have S, < 1+ n/Bf < 2, s0
we have uniquely identified j € S,.. The probability that
any iteration fails is at most Y §; < 269 = 1/2. [ |

3.2. k-sparse recovery

Given a 1-sparse recovery algorithm using m mea-
surements, one can use subsampling to build a k-sparse
recovery algorithm using O(km) measurements and
achieving constant success probability. Our method for
doing so is quite similar to one used in [16]. The
main difference is that, in order to identify one large



coefficient among a subset of coordinates, we use the
adaptive algorithm from the previous section as opposed
to error-correcting codes.

For intuition, straightforward subsampling at rate 1/k
will, with constant probability, recover (say) 90% of the
heavy hitters using O(km) measurements. This reduces
the problem to & /10-sparse recovery: we can subsample
at rate 10/k and recover 90% of the remainder with
O(km/10) measurements, and repeat log k times. The
number of measurements decreases geometrically, for
O(km) total measurements. Naively doing this would
multiply the failure probability and the approximation
error by logk; however, we can make the number
of measurements decay less quickly than the sparsity.
This allows the failure probability and approximation
ratios to also decay exponentially so their total remains
constant.

To determine the number of rounds, note that the
initial set of O(km) measurements can be done in
parallel for each subsampling, so only O(m) rounds are
necessary to get the first 90% of heavy hitters. Repeating
log k times would require O(m log k) rounds. However,
we can actually make the sparsity in subsequent it-
erations decay super-exponentially, in fact as a power
tower. This give O(mlog™ k) rounds.

Theorem 3.4. There exists an adaptive (1 + €)-
approximate  k-sparse  recovery  scheme  with
O(Lklog § loglog(ne/k)) measurements and success
probability 1 — 8. It uses O(log* kloglog(ne)) rounds.

To prove this, we start from the following lemma:

Lemma 3.5. We can perform O(loglog(n/k)) adaptive
measurements and recover an i such that, for any j €
Hy, 1/ (x) we have Prli = j] = Q(1/k).

Proof: Let S = Hy(z). Let T C [n] contain each
element independently with probability p = 1/(4C%k),
where C is the constant in Lemma 3.3. Let j €
Hj, 1/ (). Then we have

El|zrs|y) = sl

SO

||xT\5||2 <l /C

Vap lzglly = \f 251l

with probability at least 3/4. Furthermore we have

E[|T\ S|] < pn so |T'\ S| < n/k with probability

at least 1 — 1/(4C?) > 3/4. By the union bound, both

these events occur with probability at least 1/2.
Independently of this, we have

PriTnS ={j}]=p(l—p)* ' >ple

so all these events hold with probability at least p/(2¢).
Assuming this,

eyl < lal/C

and |T| < 1+ n/k. But then Lemma 3.3 applies, and
O(loglog|T|) = O(loglog(n/k)) measurements can
recover j from a sketch of xzp with probability 1/2.
This is independent of the previous probability, for a
total success chance of p/(4e) = Q(1/k). [ |

Lemma 3.6. With O(;klog 5 loglog(ne/k)) adaptive
measurements, we can recover T with |T| < k and

Err? (w7, fk) < (1 + €) Err?(x, k)

with probability at least 1 — §. The number of rounds
required is O(loglog(ne/k)).

Proof: Repeat Lemma 3.5 m = O(1klog %)
times in parallel with parameters n and k/e to get
coordinates 1" {t1,t2,...,tm}. For each j €
Hy p(x) € Hyjeep(xz) and i € [m], the lemma
implies Pr[j = ¢;] > €/(Ck) for some constant C.
Then Pr[j ¢ T'] < (1 — ¢/(Ck))™ < e~/ (CF) < f§
for appropriate m. Thus

E[|Hy/n(z) \ T'|] < £O |Hy o pn(x)| <fok
Pr [|Hy e/x(2) \ T'| > fk] <.

Now, observe wxp: directly and set T C T’
to be the locations of the largest k Values Then,
since Hy p(x) € Hg(z ’Hk k(T \T’ =
|Hk /(@) \ T ’ < fk with probablllty at least 1 — 0.

Suppose this occurs, and let y = x7. Then

En?(y, fk) = min lys

515
IS|<fk 2

IA

2
$Hk,e/1«(9€)\TH2
2

- Hka,e/k(w) 2

2
+ ”mHk(w)\Hk,e/k(ﬂc) 5

ka(T) 2
2 2
9 +k HIHk(I)\Hk,s/k(l’) ~

IA

TH, (@)
<(l+¢) Hxin(x) ,

=(1 + €) Err?(z, k)

as desired. [ |
Theorem 3.7. We can perform
O(Lklog 5 loglog(ne/k))  adaptive  measurements

and recover a set T of size at most 2k with

ozl < (1+ ) o],
with probability 1 — §. The number of rounds required
is O(log™ k log log(ne)).

Proof: Define §; = ﬁ and ¢; = —57. Let fo =
1/32 and f; = 271/ fi-1) for i > 0, and define k; =
kHj<i fj. Let Ro = [TL]



procedure ADAPTIVEKSPARSEREC(z, k, €, §) >
Recover approximation & of x
Ry + [n]
(S[] < 5/2, €0 < 6/6, fQ — 1/32, ko «— k.
T {}
for i < 0,...,0(log™ k) do > While k; > 1
for t < 0,... ,@(%ki log (%) do
S; < SUBSAMPLE(R;, O(e;/k;))
J.add(ADAPTIVEONESPARSEREC(zs,))

end for

Ri+1 — [TL] \ J

§i+1 — (5,/8

€41 < 67;/2 )

figr 1/21/(41“)‘7:)

kig1 < kifi
end for
T Ty > Direct observation
return

end procedure

Algorithm 3.2: Adaptive k-sparse recovery

Let = O(log™ k) such that f._; < 1/k. This is
possible since a; = 1/(4°T1 ;) satisfies the recurrence
o = 8 and a; = 2%i-172%72 > 92%i-1/2 Thus a,_; >
k for r = O(log" k) and then f,_1 < 1/a,_1 < 1/k.

For each round 7 = 0,...,r — 1, the algorithm runs
Lemma 3.6 on xp, with parameters ¢;, k;, f;, and J; to
get T;. It sets R;y1 = R; \ T; and repeats. At the end,
it outputs 1" = UT;.

The total number of measurements is

1 1
O(Z E—Zkz log I3 log log(ne;/k:))

) 1
i+ log 5)
~log(log(k/k:) + log(ne/k)))
gO(%klog % log log(ne/k)
> 2% (ki /) log(1/ f3)(i + 1) log log(k/k;))
using the very crude bounds i + log(1/6) < (i +
1)log(1/4) and log(a + b) < 2logalogbd for a,b > e.
But then
> 2 (ki/k)log(1/ £)(i + 1) loglog(k/k:)
< " 2%(i+ 1) filog(1/ f;) loglog(1/ f:)
<) 2(i+ 1O/ f)
=0(1)
since f; < O(1/16%), giving O(%klog%loglog(ne/k:)

total measurements. The probability that any of the
iterations fail is at most ) J; < ¢. The result has size

|T| <> k; < 2k. All that remains is the approximation
ratio 7], = [l 1
For each 7, we have

Err®(zg,.,, kiv1) =Err®(zpa1,, fiki)
<1+ ¢)Err?(zg,, k).

Furthermore, k,. < kf,._1 < 1. Hence

r—1
Hx37~”3 = Err®(zg,, k) < (H(l + 61‘)> Err?(z gy, ko)
i=0
r—1
= (H(l + q)) Err?(z, k)
i=0
But H::_(}(l ) < e <e, 50
r—1
[[a+e)<1+> eei<1+2€
i=0
and hence

5 < (1+¢) Hxin(x)

T = ||T
ozl = llo, 2

as desired. ]

Once we find the support 7', we can observe zr
directly with O(k) measurements to get a (1 + ¢)-
approximate k-sparse recovery scheme, proving Theo-
rem 3.4

4. TWO-ROUND ADAPTIVITY

The algorithms in this section are invariant under
permutation. Therefore, for simplicity of notation, the
analysis assumes our vectors z is sorted: |x1| > ... >
|zn| = 0.

We are given a 1-round k-sparse recovery algorithm
for n-dimensional vectors x using m(k, €, n,d) mea-
surements with the guarantee that its output & satisfies
|z —xllp, < (1+e€) - ||xm||p for a p € {1,2} with
probability at least 1 — §. Moreover, suppose its output
Z has support on a set of size s(k, €, n,d). We show the
following black box two-round transformation.

Theorem 4.1. Assume s(k,e,n,0) = O(k). Then
there is a 2-round sparse recovery algorithm for n-
dimensional vectors x, which, in the first round uses
m(k,e/5,poly(k/€),1/100) measurements and in the
second uses O(k-m(1,1,n,0(1/k))) measurements. It
succeeds with constant probability.

Corollary 4.2. For p = 2, there is a 2-round sparse re-
covery algorithm for n-dimensional vectors x such that
the total number of measurements is O(1klog(k/e) +

klog(n/k)).
Proof of Corollary 4.2.: 1In the first round it

suffices to use CountSketch with s(k,e,n,1/100) =
2k, which holds for any ¢ > 0 [28]. We also have



that m(k, e/5, poly(k/e),1/100) = O(Lklog(k/e)).
Using [5], [7], [14], in the second round we can
set m(1,1,n,0(1/k)) = O(logn). The bound fol-
lows by observing that lklog(k/e) + klog(n) =
O(Lklog(k/e€) + klog(n/k)). [ |

Proof of Theorem 4.1.: In the first round we per-
form a dimensionality reduction of the n-dimensional
input vector z to a poly(k/e)-dimensional input vec-
tor y. We then apply the black box sparse recovery
algorithm on the reduced vector y, obtaining a list of
s(k,e/5,poly(k/e€),1/100) coordinates, and show for
each coordinate in the list, if we choose the largest
preimage for it in x, then this list of coordinates can
be used to provide a 1 + ¢ approximation for z. In the
second round we then identify which heavy coordinates
in  map to those found in the first round, for which it
suffices to invoke the black box algorithm with only a
constant approximation. We place the estimated values
of the heavy coordinates obtained in the first pass in
the locations of the heavy coordinates obtained in the
second pass.

Let N = poly(k/e) be determined below. Let h :
[n] = [N] and o : [n] — {—1,1} be O(log N)-wise
independent random functions. Define the vector y by
Yi = 22| n(j)=i o(J)z;. Let Y (i) be the vector x
restricted to coordinates j € [n] for which h(j) = 1.
Because the algorithm is invariant under permutation
of coordinates of y, we may assume for simplicity of
notation that y is sorted: |y1| > ... > |yn| =0.

We note that such a dimensionality reduction is often
used in the streaming literature. For example, the sketch
of [30] for ¢2-norm estimation utilizes such a mapping.
A “multishot” version (that uses several functions /) has
been used before in the context of sparse recovery [5],
[7] (see [14] for an overview). Here, however, we need
to analyze a “single-shot” version.

Let p € {1,2}, and consider sparse recovery with the
{,/l, guarantee. We can assume that ||z|, = 1. We
need two facts concerning concentration of measure.

Fact 4.3. (see, e.g., Lemma 2 of [23]) Let X1,..., X,
be such that X; has expectation u; and variance vf,
and X; < K almost surely. Then if the X; are (-wise
independent for an even integer { > 2,

G oo s

where =Y, pu; and v? =, v

Fact 4.4. (Khintchine inequality) ([18]) For t > 2, a
vector z and a t-wise independent random sign vector
o of the same number of dimensions, E[|(z,0)]'] <

Il15(vE)*.

We start with a probabilistic lemma. Let Z () denote

the vector Y (j) with the coordinate m(j) of largest
magnitude removed.

Lemma 4.5. Let + = O (||xm||p . lzng]X) and N be

sufficiently large. Then with probability > 99/100,
1) Vi €[N} [|1ZG)lp <.
2) Yie [NY?], |o(i) - yngy — @l <7,
3) lygglle < 1+ O/VN)) - gl + Olkr),
4) Yj € [N], if h=1(5) N [NY3] = 0, then |y;| <,
5) Vj € [NL Y (5)llo = O(n/N +log N).

Proof: We start by defining events £, F and G
that will be helpful in the analysis, and showing that
all of them are satisfied simultaneously with constant
probability.

event  that
Then

Event E: Let & be the
h(1), (2 ) ...,h(NY3)  are  distinct.
Pr[€] > 1 —1/NY/3,

Event F: Fix ¢ € [N]. Let Z’ denote the vector
Y (h(i)) with the coordinate ¢ removed. Applying Fact
4.4 with t = ©(log N),

Prllo(i)yny — il = 2Vt [ Z(h(0)]2]
< Prflo(iyne) — il = 2vE- (| Z']|,)
< Prllo(iyne — il 2 2 (VO -1 2']13)
< Prllo(i)yn) —zil" > 2 Ell(0, Z)[']
= Prllo(i)yne) — il" = 2 Ello(Dyn) — 2l < /N3,
Let F be the event that for all ¢ € [N],

lo(Dyney — x| < 2Vt
Pr,[F] >1—1/N.

1Z(h(@))ll2;  so

Event G: Fix € [N] and for each
i € {Nl/?’ + 1,...,TL}, let X; = ‘l‘i‘plh(i):j
(i.e., X; = |z;|P if h(i) = j). We apply Lemma 4.3 to
the X;. In the notation of that lemma, p; = |z;|P/N
and v? < |7;|?’/N, and so pu = ||x[N1/3]H /N and
v? < || oo e HQT’/N Also, K = |zy1/3,|P. Function
h is @(log N g -wise independent, so by Fact 4.3,

Pr[ZXi—w; ZA]
<20 ( (el Y OVE)) + (ool t3))

for any A > 0 and an ¢ = O(log N). For ¢ large enough,
there is a

A= @ ||‘T[N1/3]| \% IOgN /N+|xN1/3+1‘p logN)




for which this probability is < N2 Let G be the event

llz—175, 1%
that for all j € [N], |Z(j)|]z < C [N“]H)
for some universal constant C > 0. Then
Pr[G|&]>1-1/N.
By a union bound, Pr[E A F A G] > 999/1000

for N sufficiently large.

We know proceed to proving the five conditions in
the lemma statement. In the analysis we assume that
the event £ A F A G holds (i.e., we condition on that
event).

Condition:  This  condition  follows
occurrence of G, and wusing that
lograllze < el and lomaaly < logly
as well as (N3 —k + 1)|zyis 4P < l2g]l7. One
just needs to make these substitutions into the variable
A defining G and show the value r serves as an upper
bound (in fact, there is a lot of room to spare, e.g.,
r/log N is also an upper bound).

First
from the

Second Condition: This condition follows from
the joint occurrence of &£, F, and G.

Third Condition: For the third condition, let 3’
denote the restriction of y to coordinates in the set
[N]\ {h(1),Rh(2),...,h(k)}. For p = 1 and for any
choice of h and o, ||xm||1 For p = 2,
the vector y is the sketch of [30] for ¢3-estimation.
By their analysis, with probability > 999/1000,
113 < (1 +O(1/vN))||2'||2, where 2’ is the vector
whose support is [n] \ U h71(i) C [n] \ [k]. We
assume this occurs and add 1/1000 to our error
probability. Hence, ||y/||3 < (1-}-0(1/\/»))\\:10 H2

We relate [|y'[|} to ||ym||g Consider any j = h(7)
for an ¢ € [k] for which j is not among the top
k coordinates of y. Call such a j lost. By the first
condition of the lemma, |o(i)y; — x;] < 7. Since j
is not among the top k coordinates of y, there is a
coordinate j° among the top k coordinates of y for
which j° ¢ h([k]) and |y;/| > |y;| > |ai| —r. We
call such a j' a substiture. We can bijectively map
substitutes to lost coordinates. It follows that Hymng <

ly/II5 + O(kr) < (1+ O(1/VN))|agllp + O(kr).

Fourth Condition: This follows from the joint
occurrence of &, F, and G, and using that
|Zm) P < lzgg ||”/(N1/3 k+1) since m(j) ¢ [N'/3].

Fifth Condition: For the fifth condition, fix j € [N].
We apply Fact 4.3 where the X; are indicator variables
for the event h(i) = j. Then E[X;] = 1/N and

Var[X;] < 1/N. In the notation of Fact 4.3, 4 = n/N,
v? < n/N, and K = 1. Setting ¢/ = O(logN)
and A = O(log N + /(nlog N)/N), we have by

a union bound that for all 7 € [N], |[Y()llo
+ T O(log N 4 y/(nlog N)/N) = O(n/N +log N),

with probability at least 1 — 1/N.

By a union bound, all events jointly occur with
probability at least 99/100, which completes the proof.

|
Event H: Let H be the event that the algorithm
returns a vector § with ||§ — y|l, < (1 + e/5)||ym||p.
Then Pr[H] > 99/100. Let S be the support of ¢, so
|S| = s(k,e/5,N,1/100). We condition on H.

In the second round we run the algorithm on Y'(j) for
each j € S, each using m(1, 1, Y (4)lo,®(1/k)))-
measurements. Using the fifth condition of Lemma
4.5, we have that |Y(j)|lo = O(en/k + log(k)/e€) for
N = poly(k/e) sufficiently large.

For each invocation on a vector Y () corresponding
to a j € S, the algorithm takes the largest (in magni-
tude) coordinate HH(j) in the output vector, breaking
ties arbitrarily. We output the vector & with support
equal to T = {HH(j) | j € S}. We assign the value
o(z;)9; to HH(j). We have

=27 =[l(x = 2)7lh + (2 — &)ppr b
=[l(x = 2)rllh + [l[zpprlp- ®)

The rest of the analysis is devoted to bounding the RHS
of equation 8.

Lemma 4.6. For N = poly(k/e) sufficiently large,
conditioned on the events of Lemma 4.5 and H,

lepprlly < (1+ €/3) |z gllp-

Proof: If [k] \ T = 0, the lemma follows by
definition. Otherwise, if i € ([k]\T), then i € [k], and so
by the second condition of Lemma 4.5, [2;] < |yp )|+
We also use the third condition of Lemma 4.5 to obtain

lygglly < (1 + O(/VN)) - llagglly + O(kr). By the
triangle inequality,

1/p 1/p
Yoo lml | <Kl Y el
i€[k]\T i € [K\T
1/p
<kMPp 4 Z |y [P
€ [N\S
<kYPr+ (1+¢/5) - llygglly-
The lemma follows using that r = O(”“TWHQ .
(log N)/N'/6) and N = poly(k/¢) is sufficiently large.



We bound |[|(z — #)r[/) using Lemma 4.5, |S| <
poly(k/€), and that N = poly(k/e) is sufficiently large.

Iz —&)r|p
1/p
< Z 2w ) — o(HH(j)) - 9517
jes
1/p
<\ D Uys = 951 + o (HHG)) - wrmy — ys))?
jes
1/p
<D My -l
jes
1/p
+ Z lo(HH (7)) - zumi) — vil°
jes
<(1+ ¢/3) lyg s
1/p
+ Z lo(HH (7)) - zmmy) —y;l"
jes
<(1+¢/5)(1+ O(1/VN))|lzggllp + O(kr)
1/p
+ Z lo(HH((j)) - zaui) — y;l”
jes
<1+ 5/4)”5’3@”13
1/p

+ [ Do lo(HHG)) - 2 — sl
jes

Event 7: We condition on the event Z that all second
round invocations succeed. Note that Pr[Z] > 99/100.

We need the following lemma concerning 1-sparse
recovery algorithms.

Lemma 4.7. Let w be a vector of real numbers. Suppose

lwi [P > 5% - |w|[p. Then for any vector v for which
J[w — @[ < 2- [wgplly, we have [y [P > 2 - [JwlB.

Moreover; for all j > 1, |w;|P < 2 - [Jw|?.

Proof: |lw — w|b > |wy — 1P, so if [iy[P <
3w, then w—w(2 > (& — ) wl’ = 5w,
On the other hand, U’T]Hg < 15-|lw||. This contradicts
that [lw — @[[h < 2- hwmﬂg. For the second part, for
j > 1 we have |w;[? < {5 - [Jw]||2. Now, [|w — @[3 >
jw; — 37, so if [i5]? = 2 -l then [lw — @]} >
(F= L)l = &l But since ugrls < o -
[[w]|B, this contradicts that [[w — (b < 2| meg. [ |

It remains to bound >, o [o(HH(j)) - r(j)—y;[*-
We show for every j € S, |oc(HH (7)) - zauy) — y;lP
is small.

Recall that m(j) is the coordinate of Y'(j) with the
largest magnitude. There are two cases.

Case 1: m(j) ¢ [N'/3]. In this case observe
that HH(j) ¢ [N'/3] either, and h—"(5) N [N'/3] = 0.
It follows by the fourth condition of Lemma 4.5 tl}dat
ly;| < r. Notice that |z g p ;)P < |Tm|P < ]‘\‘/?[/Ts]h
Bounding ‘U(HH(]))%HH(J) 7yj| by \xHH(j)|+|yj\,
it follows for N = poly(k/e) large enough that

lo(HH (7)) - wrrg) — ;|7 < /4 [laggllp/I1S)-

Case 2: m(j) € [NY3. If HH(j) = m(j),
then |c(HH(j)) - xpm() — y;| < r by the second
condition of Lemma 4.5, and therefore

lo(HH(j)) - zung) — y;I” <P < e/4- |lzggllp/1S]

for N = poly(k/e) large enough.
Otherwise, HH(j) # m(j). From condition 2 of
Lemma 4.5 and m(j) € [N'/?], it follows that

lo(HH (5)))Trm () — Yil

<lo(HH(j))z ) — o(m(i)Tm | + lo(m(5))Tm)
S|xHH(])‘ =+ |x’m(j)‘ +r

Notice that |zgg;)| + [Tm@| < 2|Tm)| since

m(j) is the coordinate of largest magnitude.
Now, conditioned on Z, Lemma 4.7 implies
that |z,,HP < % - [[Y(4)|B, or equivalently,

|Zmyl < 10YP - || Z(j)||p. Finally, by the first
condition of Lemma 4.5, we have || Z(j)||, = O(r),
and so |o(HH(j))xmm;) — yi/P = O(rP), which as
argued above, is small enough for N = poly(k/e)
sufficiently large.

The proof of our theorem follows by a union
bound over the events that we defined. ]
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